In this paper, a new fuzzy linear programming model is proposed to find fuzzy critical path and fuzzy completion time of a fuzzy project. All the activities in the project network are represented by trapezoidal fuzzy numbers. A new representation of trapezoidal fuzzy number is introduced to reduce the constraints in the fuzzy linear programming model. Further, an example is illustrated which shows the advantages of using the proposed representation over the existing representation of trapezoidal fuzzy numbers and will present with great clarity the proposed technique and illustrate its application for fuzzy critical path problems occurring in real life situations.
Introduction
In today's highly competitive business environment, project management's ability to schedule activities and monitor progress strictly in cost, time and performance guidelines is becoming increasingly important to obtain competitive priorities such as on-time delivery and customization. In many situations, projects can be complicated and challenging to manage. Critical Path Method (CPM) is to identify critical activities on the critical path so that resources may be concentrated on these activities in order to reduce the project length time. Further implementation of CPM requires the availability of clear determined time duration for each activity. To deal with real life situations, Zadeh [1] introduced the concept of fuzzy set. There is always uncertainty in the network planning of time duration of activities. So, fuzzy critical path method introduced in late 1970s. So many approaches are proposed over the past years to find the fuzzy critical path. The first method called Fuzzy Programming Evaluation and review Technique (FPERT) was proposed by Chanas and Kamburowski [2] . They presented the project completion time in the form of fuzzy set in the time space. In paper [3] , Gazdik developed a fuzzy network of unknown project to estimate the activity durations and used fuzzy algebraic operations to calculate the duration of the project and its critical path. A chapter of the book [4] is devoted to the critical path method in which activity times are represented by triangular fuzzy numbers. A new methodology to calculate the fuzzy completion project time is presented in the paper [5] . Nasution [6] proposed a method to compute total floats and the critical paths in a fuzzy project network. Yao and Lin [7] proposed a method for ranking fuzzy numbers without the need for any assumptions and have used both positive and negative fuzzy values to define ordering an it is applied to fuzzy project network. In [8] , Dubois et al. extended the fuzzy arithmetic operational model to compute the latest starting time of each activity in a fuzzy project network. Chen [11] proposed an approach based on the extension principle and linear programming formulation to critical path analysis in fuzzy project networks. In [12] , Chen and Hsueh presented a simple approach to solve the Fuzzy CPM problems on the basis of linear programming formulation and the fuzzy number ranking method that are more realistic than crisp ones. The problems of determining possible values of earliest and latest starting times of an activity in fuzzy project networks with minimal time intervals and vague durations that are presented by means of fuzzy interval or fuzzy numbers is introduced in the paper [13] . Kumar and Kaur [9] proposed a new fuzzy linear programming model using Jai Mehar Di (JMD) representation of triangular fuzzy numbers. In this paper, we propose a novel fuzzy linear programming model using new representation of trapezoidal fuzzy number. It is observed that the use of proposed representation is better than the existing representations of trapezoidal fuzzy numbers, to find the fuzzy optimal solution of fuzzy critical path problems. To illustrate the fuzzy linear programming model and to show the advantages of the proposed representation of trapezoidal fuzzy numbers, a numerical example is evaluated by representing all the constraints as existing and proposed type of trapezoidal fuzzy numbers.
In section 2, the background Information is presented. In that, basic definitions, existing representations of trapezoidal and ranking function are reviewed. In the section 3, linear programming of crisp critical path problems and also the linear programming formulation of fuzzy critical path problems are presented. The section 4 follows the method to find the fuzzy optimal solution of fuzzy critical path problems [9] . In section 5, a new representation of trapezoidal fuzzy number is mentioned. To illustrate the proposed method, a numerical example is taken and solved in section 6. Comparision study of existing model and proposed model is presented in section 7.
Background information
In this section, basic definitions of fuzzy sets and existing representations of trapezoidal fuzzy numbers, arithmetic operations and ranking functions are reviewed.
Basic definitions
In this section, some basic definition are reviewed [10] .
Definition 1:
The Characterstic function A μ of a crisp set X A ⊆ assigns a value either 0 or 1 to each member in X . This function can be generalized to a function Ã μ such that the value assigned to the element of the Universal set X fall within a particular range i. 
for each X x ∈ is called a fuzzy set. Definition 2: A fuzzy set Ã , defined on the Universal set of real numbers R, is said to be a fuzzy number if its membership function has the following characteristics: (i) Ã is convex i.e.,
(ii) Ã is normal i.e., ,
is piecewise continuous.
Definition 3:
A fuzzy number Ã , is called non-negative fuzzy number if .
Existing representation of trapezoidal fuzzy numbers
Different representations of trapezoidal fuzzy numbers are presented in this section. 
General representation of trapezoidal fuzzy numbers with membership function
is said to be a trapezoidal fuzzy number if its membership function is given by 
Arithmetic fuzzy operations
In this section addition and multiplication operations between two trapezoidal fuzzy numbers are presented. 
, and
Ranking function of fuzzy number
Ranking Function is the most important to compare the fuzzy numbers to our fuzzy approach. ℜ:F(R)→R, where F(R) is a set of fuzzy numbers defined on set of real numbers, which maps each fuzzy number into the real space, where a natural order exists. 
Linear Programming Formulation of Crisp Critical Path and Fuzzy Critical Path Problems
The fuzzy CPM is a fuzzy project network based method designed to assist in the planning, scheduling and control of the fuzzy project. Its objective is to construct the time scheduling for the fuzzy project. Two basic results provided by fuzzy CPM are the total duration time needed to complete the fuzzy project and the fuzzy critical path. One of the efficient approaches for finding the fuzzy critical paths and total duration time of fuzzy project networks is Linear programming. The fuzzy Linear programming formulation assumes that a unit flow enters the fuzzy project network at the start vertex and leaves at the terminal vertex. In this section, the Linear Programming Formulation of Crisp Critical Path problems is reviewed and also the Linear formulation of Fuzzy Critical Path problems is proposed.
Linear Programming of Crisp Critical Path Problems
The linear programming model discussed in the book written by Taha [14] is reviewed in this section. Consider a project network G=(V,E,T) consisting of a finite set V={1,2,…,n} of n nodes and E is the set of activities (i,j) , T is a function from E to R and t ij ∈ R is the time period of activity (i,j). The Linear Programming formulation of Crisp Critical Path Problem is defined as follows:
x is a non-negative real number 
Method to find fuzzy critical path and fuzzy completion time of a fuzzy project
The steps of the approach are as follows [9] :
Step 1: Represent all the parameters of linear programming formulation of Fuzzy Critical Path problems by a particular type of trapezoidal fuzzy number and formulate the given problem, as proposed in the section 3.2.
Step 2: Convert the fuzzy objective function and fuzzy constraints into the crisp objective function form by its ranking function.
Step 3: Find the critical path and completion fuzzy time for the obtained crisp linear Programming problem by using Tora software.
Step 4: Convert crisp solution to fuzzy solution using solution obtained from
Step 3.
Step 5: Find the critical path and corresponding maximum total completion time in fuzzy sense from Step4. 
Step2: The fuzzy linear programming of Fuzzy Critical Path problems may be written as:
Now, the crisp linear programming problem becomes :
Step 3:Find the solution ij x , ij y , ij z , ij γ by solving the Crisp Linear Programming problem, which is obtained in Step2.
Step 
Step 5: Find the fuzzy critical path by combining all the activities ) 
Proposed method with
Step2: Using the ranking function, presented in section 2.4., the Linear Programming of Fuzzy Critical Path problems may be written as:
Now, the Crisp Linear Programming problem becomes :
Fuzzy linear programming model
Step 3: Find the solution ij y , ij z , ij α , ij β by solving the Crisp Linear
Programming problem, which is obtained in Step2.
Step
A Novel representation of trapezoidal fuzzy numbers
In this section, a new representation of trapezoidal fuzzy numbers , Arithmetic operations and new ranking function is defined. Using this new representation, fuzzy linear programming model is generated and presented a method to find fuzzy critical path and maximum total fuzzy completion time. 
Arithmetic operation between new trapezoidal fuzzy numbers
β α = ⊗ where = 3 x minimum ) d d , c c , b b , a a ( 2 1 2 1 2 1 2 1 , 2 1 b b ' b = , 2 1 c c ' c = , = ' d maximum ) d d , c c , b b , a a ( 2 1 2 1 2 1 2 1 .
Ranking function for new trapezoidal fuzzy numbers

Proposed method with β) α, y, (x, New representation of trapezoidal fuzzy numbers
In this all the parameters of Fuzzy Critical Path problems are represented by ) , , y , x ( β α New trapezoidal fuzzy numbers then the steps of the proposed method are as follows:
Step 2: Using the ranking function presented in section 2.4., the Linear Programming of Fuzzy Critical Path problems may be written as:
Fuzzy linear programming model
105
subject to the constraints
The Crisp Linear Programming problem becomes :
Step 3: Find the optimal solution ij x , ij y , ij α , ij β by solving the Crisp Linear
Step 4: Find the fuzzy optimal solution ij x by putting the values of Step 5: Find the fuzzy critical path by combining all the activities ) 
Numerical Example
To show the advantages of New representation over existing representation of fuzzy numbers, the same numerical example is solved by using all three representation of fuzzy numbers. The problem is to find the fuzzy critical path and maximum total completion fuzzy time of the project network, shown in Fig.1 (   12  12  12  12  25  25  25  25  24  24  24 (   34  34  34  34  24  24  24  24  46  46  46  46  45  45  45 45 Step 1: Using the section 4.1, the given problem may be formulated as follows: 
